Degenerate abelian function fields by Abe, Yukitaka
ar
X
iv
:1
90
5.
07
87
2v
1 
 [m
ath
.A
G]
  2
0 M
ay
 20
19
DEGENERATE ABELIAN FUNCTION FIELDS
YUKITAKA ABE
Abstract. Originally, an abelian function field is the field of meromorphic
functions on the Jacobi variety J(X) of a compact Riemann surface X. It is
generated by the fundamental abelian functions belonging to the meromorphic
function field on X. We study this relation for singular curves.
1. Introduction
Abelian functions were discovered by solving Jacobi’s inversion problem. They
are meromorphic functions on the Jacobi variety J(X) of a compact Riemann sur-
face X . We denote by Mer(J(X)) the field of meromorphic functions on J(X).
Let Mer(X) be the field of meromorphic functions on X . The field Mer(J(X)) is
generated by the fundamental abelian functions belonging to Mer(X). We study
this relation for singular curves.
In general, abelian function fields are fields of meromorphic functions on abelian
varieties. We also know that an abelian function field admits an algebraic addition
theorem. Weierstrass stated the following in his lectures in Berlin (see [8]):
Every system of n (independent) functions in n variables which admits an algebraic
addition theorem is an algebraic combination of n abelian (or degenerate abelian)
functions with the same periods.
However, he did not publish his proof of the above statement. We did not know
the precise meaning of degenerate abelian functions at that time.
We determined meromorphic function fields which admit an algebraic addition
theorem in [2] and [3]. However, our statement was in a little weak form. We give
its final form (Theorem 2.5) in this paper.
Another purpose of this paper is to complete the last section in the previous
paper [6]. Let S be a finite subset of a compact Riemann surface X . We construct
a singular curve Xm from X by a modulus m with support S. Let A = Alb
an(Xm)
be the analytic Albanese variety of Xm. We proved in [6] that the period map
ϕ : X \ S −→ A gives a bimeromorphic map ϕ : (X \ S)(pi) −→ A, where pi is the
genus of Xm and (X \ S)
(pi) is the symmetric product of X \ S of degree pi. The
analytic Albanese variety A has the standard compactification A which is projective
algebraic. Let Mer(A) be the field of meromorphic functions on A. Its restriction
Mer(A)|A onto A is a function field which admits an algebraic addition theorem.
We show that Mer
(
(Xm)
(pi)
)
∼= Mer(A) through ϕ, where (Xm)
(pi) is the symmetric
product of Xm of degree pi (Theorem 5.2).
We use notations in the previous paper [6].
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2. Algebraic addition theorem
Let K be a subfield of the meromorphic function field Mer(Cn) on Cn. We
consider the following condition (T) concerning the transcendence degree TransCK
of K over C.
(T) K is finitely generated over C and TransCK = n.
If K satisfies condition (T), then we can take functions f0, f1, . . . , fn ∈ K with
K = C(f0, f1, . . . , fn).
Definition 2.1. Let K = C(f0, f1, . . . , fn) be a subfield of Mer(C
n) satisfying con-
dition (T). We say thatK admits an algebraic addition theorem (this is abbreviated
to (AAT)) if for any j = 0, 1, . . . , n there exists a rational function Rj such that
(2.1) fj(z + w) = Rj(f0(z), f1(z), . . . , fn(z), f0(w), f1(w), . . . , fn(w))
for all z, w ∈ Cn.
The above definition does not depend on the choice of generators f0, f1, . . . , fn
of K.
Any connected commutative complex Lie group G of dimension n is represented
as
G = Cn/Γ = Cp × (C∗)q × (Cr/Γ0),
where Cr/Γ0 is a toroidal group and p+q+r = n. By the standard compactification
Cr/Γ0 of C
r/Γ0 we obtain a compactification
G = (P1)p × (P1)q × Cr/Γ0
of G, which is called the standard compactification of G (for details, see [4]).
Let f ∈Mer(Cn). We define the period group Γf of f by
Γf := {γ ∈ C
n; f(z + γ) = f(z) for all z ∈ Cn}.
Definition 2.2. A meromorphic function f on Cn is said to be non-degenerate if
its period group Γf is discrete.
For a subfieldK of Mer(Cn) we denote by ΓK :=
⋂
f∈K Γf the period group ofK.
A subfield K is said to be non-degenerate if it has a non-degenerate meromorphic
function. We stated the following lemma without proof in [5]. Here we give its
proof for the convenience of readers.
Lemma 2.3. A subfield K is non-degenerate if and only if ΓK is discrete.
Proof. It is obvious by the definition that if K is non-degenerate, then ΓK is dis-
crete.
Conversely, suppose that ΓK is discrete. By induction on n we show that K has
a non-degenerate function.
When n = 1, the statement is trivial by the uniqueness theorem.
Let n > 1. We assume that it holds for subfields of Mer(Ck) with k < n. Take
a non-constant f ∈ K. If Γf is discrete, then f is a non-degenerate function. If
Γf is not discrete, then there exist complex linear subspaces V1 and W1 such that
Cn = V1 ⊕W1 with 0 < dimV1 < n and Γf = V1 ⊕ Λ1, where Λ1 is a discrete
subgroup of W1. Since ΓK|V1 is discrete, there exists g ∈ K such that Γg|V1 is
discrete by the assumption of induction.
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Assume that Γg is not discrete. Then there exist complex linear subspaces V2
andW2 such that C
n = V2⊕W2 and Γg = V2⊕Λ2, where Λ2 is a discrete subgroup
of W2. We have W2 ⊃ V1 by the choice of g. We set h1 := fg. Then h1 is non-
degenerate on V1 ⊕ V2, because f is constant on V1 and g is constant on V2. If
C
n = V1 ⊕ V2, then h1 is the desired function. Otherwise, there exists a positive
dimensional complex linear subspace W such that Cn = V1 ⊕ V2 ⊕W .
If Γh1 is not discrete, then there exist a complex linear subspace U1 and a discrete
subgroup Γ1 such that Γh1 = U1 ⊕ Γ1. Since h1 is non-degenerate on V1 ⊕ V2, we
have U1 ⊂ W . Let h2 := h1g = fg
2. Then h2 is non-degenerate on V1 ⊕ V2 by
the same reason as above. On U1 we have h2|U1 = (h1|U1)(g|U1). Since h1|U1 is
constant and g|U1 is non-degenerate, Γh2|U1 is discrete. Hence, h2 is non-degenerate
on V1 ⊕ V2 ⊕ U1. If Γh2 is not discrete, we consider h3 := h2g = fg
3. Repeating
this procedure, we finally obtain m ∈ N such that fgm is non-degenerate. 
Let G = Cn/Γ be a connected commutative complex Lie group as above. We
denote by Mer(G) the field of meromorphic functions on G. Let σ : Cn −→ G be
the projection. Then, for any subfield K of Mer(Cn) with Γ ⊂ ΓK there exists a
subfield κ of Mer(G) such that K = σ∗κ. Let Mer(G) be the field of meromorphic
functions on the standard compactification G of G. We denote by Mer(G)|G the
restriction of Mer(G) onto G.
Definition 2.4 ([5]). A subfield K of Mer(Cn) is said to be a W-type subfield
if K = σ∗(Mer(G)|G), where G = C
p × (C∗)q × Q with an r-dimensional quasi-
abelian variety Q of kind 0, n = p+ q + r and σ : Cn −→ G is the projection (for
the definition of quasi-abelian varieties of kind 0, see [4]).
The following theorem is the final form of the Weierstrass statement (cf. [2] and
[3]). We have already obtained enough material to prove it in the previous papers
([1], [2] and [3]).
Theorem 2.5 (cf. Theorem 1.1 in [3]). Let K be a non-degenerate subfield of
Mer(Cn) satisfying condition (T). If K admits (AAT), then there exists a C-linear
isomorphism Φ : Cn −→ Cn such that Φ∗K is a W-type subfield.
Proof. We showed the following results in [1]. There exists a connected commuta-
tive complex Lie group Ω = Cn/Γ embedded in a complex projective space such
that K ∼= C(Y ), where Y is the Zariski closure of Ω. Furthermore we can represent
Ω as Ω = Cp × (C∗)q ×Q, where Q = Cr/Γ0 is a quasi-abelian variety. Since Q is
a connected closed complex Lie subgroup, the Zariski closure Z of Q has the same
dimension as Q by Theorem 4.5 in [2]. Therefore Q is a quasi-abelian variety of
kind 0 (Theorem 8.1 in [3]). Let Q be the standard compactification of Q. Then
we obtain Y = (P1)p × (P1)q ×Q. Hence K is a W-type subfield. 
3. Singular curves
Let X be a compact Riemann surface with the structure sheaf OX . Take a finite
subset S of X . We consider an equivalence relation R on S. We define the quotient
set S := S/R of S by R. We set
X := (X \ S) ∪ S.
We induce to X the quotient topology by the canonical projection ρ : X −→ X.
Then X is a compact Hausdorff space.
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Definition 3.1 ([9]). A modulus m with support S is the data of an integer m(P ) >
0 for each point P ∈ S.
Let ρ∗OX be the direct image of OX by the projection ρ : X −→ X. For
any Q ∈ S we denote by IQ the ideal of (ρ∗OX)Q formed by functions f with
ordP (f) ≥ m(P ) for any P ∈ ρ
−1(Q). We define a sheaf Om on X by
Om,Q :=
{
(ρ∗OX)Q = OX,Q if Q ∈ X \ S,
C+ IQ if Q ∈ S.
Then we obtain a 1-dimensional compact reduced complex space (X,Om), which
we denote by Xm.
Conversely, any reduced and irreducible singular curve is obtained as above.
Let g be the genus of X . For any Q ∈ Xm we set δQ := dim ((ρ∗OX)Q/Om,Q).
The genus of Xm is defined by pi := g + δ, where δ :=
∑
Q∈Xm
δQ.
We denote by Ωm the duality sheaf on Xm (see Section 3.1 in [6]). We have
dimH0(Xm,Ωm) = dimH
1(Xm,Om) = pi (cf. [6]).
4. Analytic Albanese varieties
Let Xm be a singular curve of genus pi = g + δ constructed from X by a mod-
ulus m with support S, where g is the genus of X . Take a basis {ω1, . . . , ωpi} of
H0(Xm,Ωm). We fix a canonical homology basis {α1, β1, . . . , αg, βg} of X . Let
S = {P1, . . . , Ps}. We denote by γj a small circle centered at Pj with anticlockwise
direction for j = 1, . . . , s. Then the set {α1, β1, . . . , αg, βg, γ1, . . . , γs−1} forms a
basis of H1(X \ S,Z) = H1(Xm \ S,Z). Let H
0(Xm,Ωm)
∗ be the dual space of
H0(Xm,Ωm). We set
A := H0(Xm,Ωm)
∗/H1(Xm \ S,Z).
Consider 2g + s− 1 vectors(∫
αi
ρ∗ω1, . . . ,
∫
αi
ρ∗ωpi
)
, i = 1, . . . , g,
(∫
βi
ρ∗ω1, . . . ,
∫
βi
ρ∗ωpi
)
, i = 1, . . . , g
and (∫
γj
ρ∗ω1, . . . ,
∫
γj
ρ∗ωpi
)
, j = 1, . . . , s− 1
in Cpi. Let Γ be a subgroup of Cpi generated by these vectors over Z. Then Γ is
a discrete subgroup of Cpi. We have A ∼= Cpi/Γ as a complex Lie group. We call
A with the structure as a complex Lie group the analytic Albanese variety of Xm,
and write it as Alban(Xm). The theorem of Remmert-Morimoto says that
A ∼= Cpi/Γ ∼= Cp × (C∗)q ×G,
where G is a toroidal group of dimension r and p + q + r = pi. In [6] we showed
that G is a quasi-abelian variety of kind 0. Then we write
A = Alban(Xm) = C
p × (C∗)q ×Q,
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where Q is an r-dimensional quasi-abelian variety of kind 0. We define a period
map ϕ with base point P0 ∈ X \ S by
ϕ : X \ S −→ A, P 7−→
[(∫ P
P0
ρ∗ω1, . . . ,
∫ P
P0
ρ∗ωpi
)]
.
The period map ϕ is extended to a bimeromorphic map ϕ : (X \S)(pi) −→ A, where
(X \ S)(pi) is the symmetric product of X \ S of degree pi (Theorem 5.19 in [6]).
5. Degenerate abelian function fields
We set Km := ρ
∗Mer(Xm) ⊂ Mer(X). Then there exist x, y ∈ Km such that
Km = C(x, y). Since x and y are algebraically dependent, we have an irreducible
polynomial f such that f(x, y) = 0. Let C be the closure of {f = 0} in P1 × P1.
The pi-dimensional complex projective space Ppi is identified with the symmetric
product (P1)(pi) of P1 of degree pi by the map induced from the following rational
map
τ : (P1)pi ∋ (x1, . . . , xpi) 7−→ (a0 : a1 : · · · : api) ∈ P
pi,
a1
a0
= −
pi∑
i=1
xi,
a2
a0
=
∑
i<j
xixj , . . . ,
api
a0
= (−1)n
pi∏
i=1
xi,
where (x1, . . . , xpi) is the inhomogeneous coordinates of (P
1)pi and (a0 : a1 : · · · : api)
is the homogeneous coordinates of Ppi. By the definition of C we have a holomorphic
map µ : X −→ C. This gives a holomorphic map
µ0 : X
pi −→ Cpi ⊂ (P1 × P1)pi ∼= (P1)pi × (P1)pi .
Let σ0 : X
pi −→ X(pi) be the canonical projection. Then we obtain the following
commutative diagram:
Xpi
µ
−−−−→ Cpi ⊂ (P1 × P1)pi ∼= (P1)pi × (P1)pi
σ0
y yτ×τ
X(pi)
µˆ
−−−−→ Ppi × Ppi
∪ σ1
yσ2
(X \ S)(pi) Ppi Ppi
ϕ
y
A = Alban(Xm)
σ
x
Cpi
where µˆ : X(pi) −→ Ppi × Ppi is the holomorphic map induced from µ and σi :
P
pi × Ppi −→ Ppi is the projection onto the i-th component for i = 1, 2. Therefore
we can define meromorphic maps ℘x : Cpi −→ Ppi and ℘y : Cpi −→ Ppi by
℘x := σ1 ◦ µˆ ◦ ϕ
−1 ◦ σ and ℘y := σ2 ◦ µˆ ◦ ϕ
−1 ◦ σ.
If we represent ℘x and ℘y in homogeneous coordinates of Ppi as
℘x(z) = (1 : ξ1(z) : · · · : ξpi(z)) and ℘
y(z) = (1 : η1(z) : · · · : ηpi(z)),
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then ξ1(z), . . . , ξpi(z), η1(z), . . . , ηpi(z) ∈ σ
∗Mer(A). Let [z] be a generic point of
A, where z ∈ Cpi. Then there exists uniquely (P1, . . . , Ppi) ∈ (X \ S)
(pi) with
ϕ((P1, . . . , Ppi)) = [z]. In this case we have
ξ1(z) = −
pi∑
i=1
x(Pi), ξ2(z) =
∑
i<j
x(Pi)x(Pj), . . . , ξpi(z) = (−1)
pi
pi∏
i=1
x(Pi),
η1(z) = −
pi∑
i=1
y(Pi), η2(z) =
∑
i<j
y(Pi)y(Pj), . . . , ηpi(z) = (−1)
pi
pi∏
i=1
y(Pi).
We denote K := C(ξ1(z), . . . , ξpi(z), η1(z), . . . , ηpi(z)) ⊂ σ
∗Mer(A). Let κ be the
corresponding subfield of Mer(A), i.e. K = σ∗κ. Then we have ϕ∗κ = Mer((Xm)
(pi))
by the above relation, where (Xm)
(pi) is the symmetric product of Xm of degree pi.
We note that (Xm)
(pi) is an irreducible projective algebraic variety (cf. III. 14 in
[9]). We may consider Mer((Xm)
(pi)) as a subfield of Mer(X(pi)). It is obvious that
ϕ∗κ is finitely generated over C and TransCϕ
∗κ = pi.
Proposition 5.1. K admits (AAT).
Proof. Letting (z, w) ∈ Cpi × Cpi, we define
K˜ := C(ξ1(z), . . . , ξpi(z), η1(z), . . . , ηpi(z), ξ1(w), . . . , ξpi(w), η1(w), . . . , ηpi(w)).
We have a subfield κ˜ of Mer(A×A) such that K˜ = (σ × σ)∗κ˜. Take any ψ ∈ κ. It
suffices to show that ψ(ϕ(P ) + ϕ(Q)) ∈ (ϕ× ϕ)∗κ˜.
We take P,Q ∈ (X \ S)(pi) such that ϕ(P ) and ϕ(Q) are generic points of A.
Fixing ϕ(Q), we consider ψ(ϕ(P )+ϕ(Q)) as a function of P . Then it is meromorphi-
cally extended to (Xm)
(pi). Similarly, it is a meromorphic function on (Xm)
(pi) as a
function of Q if we fix ϕ(P ). The set of P ∈ (X \S)(pi) such that ϕ(P ) is not generic
is an analytic set of positive codimension. Furthermore, X(pi) \ (X \S)(pi) is an ana-
lytic subset of X(pi). Then ψ(ϕ(P )+ϕ(Q)) extends meromorphically to X(pi)×X(pi)
(for example, see Theorem 2 in [10] or Corollary 3.4 in [7]). There exists ξ˜ ∈
Mer(X(pi)×X(pi)) such that Mer(X(pi)×X(pi)) = Mer((Xm)
(pi)× (Xm)
(pi))(ξ˜). Then
ψ(ϕ(P )+ϕ(Q)) is a rational function of generators of Mer((Xm)
(pi)×(Xm)
(pi)) and ξ˜.
However, it is independent of ξ˜ on
(
(Xm)
(pi) × (X \ S)(pi)
)
∪
(
(X \ S)(pi) × (Xm)
(pi)
)
.
Therefore we obtain ψ(ϕ(P ) + ϕ(Q)) ∈ (ϕ× ϕ)∗κ˜. 
Let A be the standard compactification ofA. Then aW-type subfield σ∗(Mer(A)|A)
is considered as a degenerate abelian function field, for we have the following the-
orem.
Theorem 5.2. We have K ∼= σ∗(Mer(A)|A), hence Mer((Xm)
(pi)) ∼= Mer(A).
Proof. SinceK admits (AAT) (Proposition 5.1), there exists a C-linear isomorphism
Φ : Cpi −→ Cpi such that K0 := Φ
∗K is a W-type subfield by Theorem 2.5. Let
ΓK0 be the period group of K0. Then we have
B := Cpi/ΓK0 = C
p′ × (C∗)q
′
×Q′,
where Q′ = Cr
′
/(ΓK0)0 is an r
′-dimensional quasi-abelian variety of kind 0 and
p′ + q′ + r′ = pi. Furthermore we have K0 = σ
∗
K0
(Mer(B)|B) by the definition of
W-type subfields, where σK0 : C
pi −→ B is the projection.
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From K ⊂ σ∗Mer(A) and A = Cpi/Γ it follows that Γ ⊂ ΓK . We note
Φ(ΓK) = ΓK0 . We set κ˜ := (ϕ
−1)∗
(
Mer(X(pi))|(X\S)(pi)
)
⊂ Mer(A). Since ϕ∗κ =
Mer((Xm)
(pi))|(X\S)(pi) ⊂ Mer(X
(pi))|(X\S)(pi) , we have κ ⊂ κ˜. If we set K˜ := σ
∗κ˜,
then we have K ⊂ K˜ ⊂ σ∗Mer(A). Therefore, Γ ⊂ ΓK˜ ⊂ ΓK , where ΓK˜ is the
period group of K˜. Hence we obtain the following sequence of homomorphisms:
A
τ1−−−−→ Cpi/K˜
τ2−−−−→ Cpi/ΓK .
Since TransCK = TransCK˜ = pi, τ2 : C
pi/K˜ −→ Cpi/ΓK is an isogeny (Proposition
3 in [5]). By Proposition 7.1 in [6] we have ϕ∗(Mer(A)|A) ⊂ Mer(X
(pi))|(X\S)(pi) .
Then we obtain Mer(A)|A = (ϕ
−1)∗(ϕ∗(Mer(A)|A) ⊂ κ˜. Therefore, we have
σ∗(Mer(A)|A) ⊂ K˜. Since σ
∗(Mer(A)|A) is a W-type subfield, we have
TransCσ
∗(Mer(A)|A) = TransCK˜ = pi.
The period group of σ∗(Mer(A)|A) is Γ. Then τ1 : A = C
pi/Γ −→ Cpi/ΓK˜ is also an
isogeny by Proposition 3 in [5]. Therefore, τ2 ◦ τ1 : A −→ C
pi/ΓK is an isogeny. We
note that B and Cpi/ΓK are isogenous for K0 = Φ
∗K. Thus we see that A and B
are isogenous. Since an isogeny is fiber preserving (Proposition 2 in [5]), we have
Mer(A)|A ∼= Mer(B)|B and Mer(B)|B ∼= Mer
(
(Cpi/ΓK)
)∣∣
Cpi/ΓK
. Hence we obtain
K ∼= σ∗Mer(A)|A. 
The generators {ξi(z), ηi(z); i = 1, . . . , pi} is just the fundamental degenerate
abelian functions belonging to Mer(Xm) as in the non-singular case.
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